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Test of the overlap ratio method on the calculation 
of the aqueous hydration free energy difference 

between acetone and dimethylamine 

by MIHALY MEZEI 

Department of Chemistry and Center for 
Study in Gene Structure and Function, 

Hunter College of the CUNY, New York, NY 10021, U.S.A. 

(Received 16March 1988; accepted25March 1988) 

The overlap ratio method, used previously for relatively simple systems 
only, has been tested successfully in an aqueous system: the calculation of the 
hydration free energy difference between acetone and dimethylamine. The 
results are compared with previous calculations on the same system using the 
perturbation method and the finite difference thermodynamic integration 
method. 

1. Introduction 

The methods for the calculation of free energy from computer simulations, a 
computationally exacting task, have been periodically reviewed in the recent years 
I-1-7]. Most methods used for complex systems fall into one of the following three 
classes: thermodynamic integration, the so-called perturbation method and the 
probability ratio method. A detailed comparison between the perturbation method 
and thermodynamic integration using three different paths has just been completed 
1-8] and in a different study the probability ratio method with adaptive umbrella 
sampling has also been tested on the same system I-9]. However, the overlap ratio 
method [10, 11], that should be comparable with the perturbation method (both 
have to sample 'adequately' the configuration space between two fixed coupling 
parameter values) has been neglected in recent free energy simulations on mostly 
aqueous systems. The purpose of this study is to examine the performance of the 
overlap ratio method on the calculation of the aqueous hydration free energy differ- 
ence between acetone and dimethyl amine and compare it with the earlier calcu- 
lations using both thermodynamic integration and the perturbation method on the 
same problem. (This change involves significant reorganization of the solvent 
around the solute during the transition between the two states with an extremum in 
the free energy profile.) 

2. Background 

The overlap ratio method calculates the free energy difference between two 
systems, characterized by the energy functions Eo(X N) and EI(X~V). It was introduced 
by Jacucci and Quirke 1,10], based on a formula given by Bennett [11]. This 
formula connects the distributions of the energy difference AE values and the free 
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220 M. Mezei 

energy difference between the two systems: 

AA = AE -- kT In [PI(AE)/Po(AE)] (1) 

where Px(AE) and Po(AE) are the distributions of the energy differences in the two 
ensembles corresponding to the two systems between which the free energy differ- 
ence is to be calculated. AE is an energy difference for which both Px(AE) and 
Po(AE) are nonzero. PI(AE) and Po(AE) can be calculated with minimum extra 
computational effort either during the simulation or from the simulation history and 
thus the free energy difference can be calculated from equation (1), as long as there is 
a AE range where the two distributions are both significantly different from zero, 
that is, if the two distributions overlap. This overlap criterion is easy to verify, 
making the application of the method rather easy. Also, the free energy difference 
can be calculated at several different AE value, giving a consistency check. 

To take advantage of the several different estimates that equation (1) offers a 
weighted average over the overlap region was calculated as the estimate of the free 
energy difference: 

(AA> = ~  P~(AEi)Po(AEi)AAi/~i P,(AEi)Po(AA~), (2) 

where the summation is over the AE gridpoints where both P1 (AEi) and Po(AEi) are 
nonzero. 

The AE value at which the two distributions cross coincides with AA since at 
that point the logarithmic terms vanishes in equation (1). This crossing point also is 
a good estimate for AA since that is the point where both distributions are sampled 
to an equal extent. The coincidence has an interesting consequence: the two dis- 
tributions cannot cross more than once since two different crossing points would 
imply two different values for AA. This is a nontrivial restriction on the distributions 
and is probably responsible for the unimodality of the energy distributions calcu- 
lated in various simulations. 

3. Calculations 

The simulations used the Metropolis algorithm [12], modified by incorporating 
the force bias procedure [13] and preferential sampling [14] for convergence accel- 
eration. The energy calculations were based on the OPLS functions developed by 
Jorgensen and co-workers (using the parameters developed for small amides, the 
system closest to ours for which parameters are available) for the solute-water 
interactions [15, 16] and the TIP4P water-water potential [17, 18]. Further details 
of the simulation setup are described in [8]. 

The calculation described in this paper follows a path that transforms linearly 
both the coordinates of the transformed molecule and the potential coefficients, 
resulting in a non-linear path (the dependence of E(2) is not linear in 2) as described 
in detail in [8]. 

4. Results and discussion 

The free energy difference between several intermediate states was computed by 
the overlap ratio method. The 2 parameters defining the intermediate states were 
chosen to allow direct ccmparisons with the earlier calculations using the pertur- 
bation method and the finite difference thermodynamic integration method as well 
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Table 1. Comparison of the free energy differences computed with the overlap ratio method, pertur- 
bation method and finite difference thermodynamic integration. 

2_(a): N(b) 0,0 0,3 0'0 0"7 0-8 0'8 0.9 0"9 0.95 00 
2+ : 0-3 0-7 0-7 1 ./) I-0 0"9 !-0 0-95 1,0 1-0 

Tl(c) 1 14,9 5.48 20.3  --11.3 -9.92 --3.31 -6.61 -2-76 -3.85 908 
PM 1 14.4 4,77 19.1 -11.3 -9.54 -2.22 -7"11 -2.09 -5.44 883 
PM/CK(d) 1 -9-33 -9 '20  
OR 1 15.6 4.39 16 .8  -9-33 - -  -2.22 -7"20 -2.18 -5.19 10-71 
OR/CK 1 20.0 - 7.74 - 7.36 

OR 2 15.5 4.39 18.4 -10.4 -10.4 -2.51 -7-36 -2.38 -5-77 950(r 
OR/CK 2 19.9 -%87 -8.16 

OR 4 19"7 --11-0 8-70(f) 

(a) 2_, 2+ are the end point coupling parameter values; (b) N is the length of the run in millions of 
attempted moves; (c) the TI result for the interval was obtained by integrating the polynomial of the 
gaussian quadrature; (d) the data labelled by /CK gives the sum of the values calculated on the subdivi- 
sion of the coupling parameter interval into two parts; (e) the value for the whole interval at 1000 K and 
2000K were computed as the sum over the [0"0~ 03], [0'3, 0.7] and [0.7, 1-0] intervals; (f) the value for 
the whole interval at 4000 K were computed as the sum over the [0.0, 0,7] and [0.7, 1.0] intervals; (if) all 
energies are in kJ/mol-~; (h) ~ = 0: acetone, ~ = 1 : dimethylamine. 

as self-consistency checks within the method itself. Particular attention was paid to 
the 2 = 1 end of the coupling parameter  space where the creation of the oxygen 
begins since this region is the most problematic. 

Table 1 summarizes the computed free energy differences at various stages of the 
calculation using the perturbation method, the finite difference thermodynamic inte- 
gration and the overlap ratio metbod computed between intermediate states and 
between the two systems, The overlap ratio and perturbation method results have 
been repeated on several subdivision of the coupling parameter  intervals--the sums 
of the subinterval results are labelled with CK. Good  agreement was found both 
with the previously calculated free energy differences over the various intervals 
considered as well as over the whole interval and with the values calculated on the 
subintervals with the overlap ratio method as a self test. 

The overlap ratio method can also be compared with the perturbation method 
with respect to the coupling parameter  interva! width over which they are abJe to 
calculate the free energy reliably and the length of runs required to achieve 
' converged'  results The overlap ratio method works well on larger coupling param- 
eter intervals--i t  worked even on the [0,0, 0.7] interval--but  required proportion~ 
ally longer runs to converge. Thus the use of the overlap ratio method can provide 
the convenience of having to set up (and equilibrate) fewer runs but will incur about  
the same computational cost as the perturbation method. The comparison over the 
'cr i t ical '  [0.9, 1,0] coupling parameter  interval where the subinterval test was per- 
formed on both methods show that the overlap ratio method results are likety to be 
more reliable than the perturbation method results since the serf test for the pertur- 
bation method is off by 2.1 k J m o l - 1  (although the values appeared ' converged '  
[8]). This finding is an indication of the difficulty of calculating reliable exponential 
averages- -a  necessary ingredient of the perturbation method. 

Table 2 collects information on the overlap of the distributions: the maxima of 
the two distribution computed, PmaxO and Pmaxl, to be compared with the value at 
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Table 2. Characterization of the overlapping distributions. 

2_(a) N(b) 0.0 0.3 0.0 0.7 0.8 0.8 0.9 0.9 0.95 
2+ : 0.3 0.7 0.7 1.0 1.0 0.9 1.0 0.95 1.0 

Pmaxo(C) 1 0'06 0'06 0'02 0"09 0"22 0-17 
Pmaxl 0'07 0'06 0"02 0"01 0'16 0"41 
P(XXd) 0'02 0'03 0"02 0"01 0'16 0"41 
AWE(e) 25-9 30"9 45'2 32"6 14'2 20"1 
AeA(f) 0"63 1'38 0"75 0"38 1"63 0'75 
AXA(g) 0-29 0"29 0"46 0"75 0'25 0"88 

PmaxO 2 0"06 0"06 0"02 0"08 0"10 0'22 0'15 
Pmaxl 0"06 0"06 0"03 0'01 0'01 0"15 0'37 
P(X) 0"02 0"03 0"01 0'01 0"01 0"15 0'31 
AWE 28"5 31"1 45'2 41'8 29'3 15"1 24'3 
A~A 0'17 0"50 0'63 0'38 0'29 2"26 0'63 
AXA 0'04 0'21 1'28 0'64 0"16 0"25 0'38 

Pmaxo 4 0'03 0'08 
Pmaxa 0'03 0'01 
P(X) 0.01 0.01 
AWE 49.4 41.8 
AeA 0.96 0.42 
AXA 1.20 0.84 

0'24 0'22 
0'22 0'08 
0'21 0'06 

13"4 24'3 
0"46 0"46 
0"21 0"21 

0'24 0"21 
0'21 0"10 
0'21 0"04 

14'2 24'3 
0"38 0-84 
0'13 0'79 

(a) 2_, 2+ are the end point coupling parameter values; (b) N is the length of the run in 
millions of attempted moves; (c) Pmax0, Pmaxl are the maxima of distributions Po(AE) and 
PI(AE), respectively; (d) P(X) is the value of the probability distributions Po(AE) and P~(AE) 
where the two distributions cross; (e) AWE is the energy range over which the two distribu- 
tions have both nonzero value; (f) AeA is the range of free energy estimates over a 
4.0 kJ mol-a wide interval around the crossing of the two distributions; (g) AXA is the differ- 
ence between the free energy value calculated by equation (2) and the value of AE at which 
the two distributions cross; (h) 2 = 0: acetone, 2 = 1: dimethylamine 

the crossing, P(X), the width of the overlap; AWE, and the fluctuation of the free 
energy estimate in a 4 kJ mol-1  interval around the crossing, AeA. It is surprising 
that even distributions belonging to largely different coupling parameter  values 
overlap significantly although in these cases the distributions turn out to be rather 
flat. The performance of the consistency check, however, is disappointing. In some 
instances (like for the [0.0, 0.7] interval) it predicted significantly smaller error than 
the actual error, estimated either from comparison with results using the pertur- 
bation method and the thermodynamic integration or with overlap ratio method 
results performed on two subintervals. This finding underlines the difficulty of calcu- 
lating reliable error estimates from a single free energy calculation. The deviation of 
the calculated free energy from the crossing point of the two distributions, AXA, is 
also shown in table 2. The deviations are consistently small, as expected. 

In summary, the overlap ratio method was found to be capable of calculating 
solvation free energy differences in aqueous systems. In comparison with the pertur- 
bation method, the overlap ratio method was shown to be able to work over wider 
coupling parameter  intervals than the perturbation method, although the run length 
required to achieve comparable precision also increased. At least in one case it gave 
more reliable results than the perturbation method. The advantage of the overlap 
ratio method over the perturbation method is the simplification due to the fewer 
calculations required and a somewhat increased confidence in the result rather than 
in computer  time. 
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