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A particular discrepancy between Monte Carlo and molecular dynamics calculations using a truncated potential is ana-
lysed and an approxmmate method for its estimate based on Monte Carlo calculation is presented. Results are given for the

configurational internal energy of the ST2 water at 10°C

1. Introduction

Ensemble averages obtamned by the Mente Carlo
and molecular dynamics calculations of the same
(finite) system should show a shght difference (O(1/N),
N bemg the number of particles considered) [1], due
to the difference 1n the ensembles employed. If the in-
teraction between the particles is descnibed with a trun-
cated non-spherical potential, a further discrepancy
anses [2—4]. The purpose of this letter is to present
an approximate procedure to calculate the difference
in expectation values due to this latter discrepancy
and to present the estimated difference 1n the internal
energy of the ST2 water [2] based on the recent very
long Monte Carlo calculation 1n this laboratory [5].

2. Theory

There is a difference between the ways the Monte
Carlo and molecular dynamics methods impiement
the truncation of the potential, giving rise to a differ-
ence in the ensemble averages computed. For the eval-
uation of the internal energy, both methods set to
zero the interaction energy, V"-, between molecules i
and j, if the distance between the two molecules, Tis
1s greater than a predetermined cut-off, R :

Er= v,
T {tyin, <R} Y

)

In the Monte Carlo method E5 is then used to generate
the Markov chain in the configuration space, while in
the molecular dynamics method the analogously trun-
cated forces are used to obtain the trajectory of the
system. This implies that the trajectory generated wilt
have a Boltzmann distribution with internal energy

Eg +E, where
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Here V"(Rc) denotes the most recent value of the
pair potential such that r;; = R .. Since the potential is
not sphencally symmetric, V,-]-(R o) will depend on the
particular relative orientation of the molecules i and
at that time. As a consequence, £ depends on the his-
tory of the system and 1s therefore non-conservative.
Note, however, that the value of E_ does not appear
explicitly in the calcuiations.

In general, given a Markov chain, generated by 2
potential energy function E9, for any property P it is
possible to obtain its expectation value that is generat-
ed by the potential energy function EC + 5E using the
following expression [6]:

P)poysp =<P)g0
+ AZ) PE exp(—psEXDY/ kE. exp(—E®Y), (3)
- =l =

where n is the number of Monte Carlo steps and the
superscript X refers to a particular configuration. Eq-(3)
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is exact 1n the imit z2 — oo, but for runs of practicable
length 1t is valid only for small 6E. If we apply eq. (3)
to the property P=Ey and use EO =E and SE =E_
the result 1s the estimate of the difference betwean
the expectation value of E} computed by the Monte
Carlo method, {E )¢, and the expectation vaiue of
E+ computed by the molecular dynamics method,
{Ephp - This anises because the Markov chain and the
molecular dynamics trajectory are generated using Ey
and Eg + E, respectively

n

— ZE®erp(—pER) 2 exp(-pED). @)

It should be stressed that 1t should be more appro-
priate to use eq. (4) 1in comjunction with the molecular
dynamics trajectory, but we expect our estimate to be
good too since the comparison of the results by the
two methods shows the differences to be quite small
[2—4].

The computation of E_ presents two problems.
Whle the definition of ¥, (R ) involves pair energies
at exactly the cut-off distance, the Markov chain con-
sists of a discrete set of configurations. Also, at the
beginning of the calculation the V,-] (R,) values are un-
defined

The first problem was solved by linear interpola-
tion. An exact solution to the second problem would
follow the trajectory of the system until all values are
assigned and discard this “imnitial™ portion of the run.
Thas, unfortunately, requires much longer calculations
than the one analysed here. Our approximate solution
follows the Markov chain until a significant portion
of the v, (R ) values were obtained and subsequently
assigned the remaining pairs the average computed
over a previous stretch of the Markov chain.

3. Results and discussion

A very long Monte Carlo simulation was recently
performed 1n this laboratory [1] on the ST2 water [2]
at 10°C temperature, 1.000 g/ml density using 216
molecules under simple cubic periodic boundary con-
dition, with a spherical cut-off R_ =8.46 A (a value
that 1s smaller than the half-edge of the periodic cell),
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in order to study the convergence characteristics of
the conventional Metropolis Monte Carlo method since
this particular system was reported to show conver-
gence problems [3]. We present here an estimate of
the effect of the truncation on the configurational in-
ternal energy of this system using eq. (4).

The actual estimation was performed on the last
2090 K configurations, using the preceding 70K to imi-
tialize Vu-(R o) values. The V¥, (R ) values not imtialized
were given an average value obtained from a previous
300K segxﬁent. The computed values of the estimate
(AE7) and the value of E at successive stages of the
analysis are given 1n table 1. The number of V(R )
terms that were actually computed and the number
that were estimated are also given in table 1.

We can estimate from table 1 that the 1nitialization
of all ¥, (R ) values would require at least an addition-
al = 10000K long run. However, the oscillatory behav-
iour of E indicates that our approximate procedure
for the computation of E, did not introduce serious
bias into the calculation.

The final estimate of (AEy) can be read from table1
as 0.1 kcal/mol The result on the molecular dynamics
calculation on the same system 1s (Eqp)\qp =- 10.4 kcal/
mol [2]. This results in a corrected {Ey) value of
—10.3 kcal/mol that can be compared with (Eq)yc-
The Monte Carlo calculation in this laboratory pro-
duced two regions with internal energy averages of
—10.49 £0.03 kcal/mol and —10.70 £ 0 02 kcal/mol,
respectively [5]. This implies an overall average of
—10.60 £0.13 kcal/mol. Calculations by Rao et al. [4]
using the force-biased Monte Carlo method gave —10.6

Table |
Results of the estimation of CAEp

Number of Nymber of Vr](Rc) E_ (AED
steps (1n (kcal/mol) (kcal/mol)
thousands) computed estimated
0 1037 13095

300 3253 10886 0633 —-0.0096

600 3968 10171 0.630 —0.103
1100 4714 9427 0.613 —0 0458
1250 4937 9205 0642 0.111
1550 5247 8892 0.651 00991
1850 5577 8562 0.616 0 0982
2090 5819 8320 0630 0.113
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kcal/mol on the same system. This leaves a difference
of 0.3 kcal/mol that can be attributed to the O(1/NV)
difference between the finite realizations of the two
methods.

In summary, we can conclude that the discrepancy
introduced by the truncation into the configurational
internal energy is quite small, being comparable to the
uncertainty of the Monte Carlo calculations. This, of
course, does not exclude the possibility that it could
be more significant for other properties. In any case,
the procedure described here 1s applicable to the esti-
mation of this discrepancy in the expectation value of
any property.
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