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Abstract — A general method is proposed, which tests have shown to be convenient, for the study of
how the following quantities vary with molecular orientation at the lattice sites: (1) the potential produced
by a perfect crystal of multipoles; (2) the interaction energy with a second multipole; (3) the self-energy and
self-potential of a primitive lattice. To make a study of the variation with molecular orientation feasible, it
has been necessary to decompose the calculation into three stages: stage Ia is a function solely of crystal
geometry; stage Ib, which involves the most calculation, can be greatly shortened by the use of any molecular
symmetry; stage II, which is very short compared with stage I, is the only one which requires a quantitative
knowledge of the multipole moments, and, therefore, of the charge distribution. The form of the proposed
procedure — the result of a study of the ice lattice-has been shown to reduce markedly the computation
required and to permit convenient error checks. Numerical constants required for calculations of orders < 5
are given.

1. INTRODUCTION

Many problems involving the interaction of forces arising from discrete or continuous charge distribu-
tions can be simplified by using a Taylor Series Expansion around a conveniently chosen reference point.
For example, although the direct evaluation of the second virial coefficient is not feasible if part of the po-
tential energy is assumed to arise from point charges within each molecule, the problem can be solved using
multipoles which characterize the charge distribution (i.e., using a Taylor Series Expansion).(l)

In the study of crystal structures, such an expansion permits a decomposition into the three stages
specified in the abstract. In some cases, conclusions might then be deduced from stage I which depends solely
upon crystal geometry and molecular symmetry. In any case, the segregation of all use of the uncertain data
on the quantitative charge distribution to a final short step has been shown to make feasible the study of a
range of models and parameters.

The object of the present paper is to present the general equations and techniques for a procedure which
has been shown to reduce markedly the computation required and to permit convenient error checks. One
form of the method is to be used when a single orientation is to be studied; a second form has been shown
to be adapted to the study of sets of orientations.

* The work was supported by the Chemical Directorate of the Air Force Office of Scientific Research
under Grant AF-AFOSR 14-63.
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2. FORMULATION OF THE PROBLEM AND BASIC NOTATION

Consider two continuous or discrete charge distributions T4 and T contained in two nonintersecting
closed spheres, C4 and Cp, centered at O4 and Op, respectively. Since for each r, in C4 and rg in Cp
|lrs —ra||~! possesses a Taylor Series at (04, Op) which converges absolutely and uniformly, the interaction
energy has a Taylor Series Expansion which it will be convenient to write in the form

B({Ta Ts) = 3 BV (T4, )
N=0
. )
BV (T4 To)) = 37 B (T4, o)
n=0

Ef\[l N—n) ({Ta,Tg)): the sum of all terms involving Nth order partial derivatives, where n are evaluated

at O4 and (N —n) at Op.

Moreover, it has been shown(® that n unit vectors, (SA1,--.,84,n), can be found for T4 and (N —n)
for T, (sp.1,---,SB,N—n) such that the sum of all the Taylor Series terms in E<]\[L N_n) Can be replaced by a
single term of the same form.* Thus, if s; denotes the ith member of a sequence formed from these vectors,
then

N (—) = ppl " . .
E(n,an)(<TA7TB>> = ’fl'(an)' X H(Si 'va)”r,@’_ra”
' ' (04,08)

i=1

(_l)nAp(n)p(N—") N B
= v < 6 Va)ls —xaf

) ' i=1 (04,08)
V., =V, = (8/8X$, 8/8X3, 8/8X3) (in rectangular Cartesian coordinates)

pf:) , psgN_"): scalars.

Conventionally, any term of this form is said to be an Nth order interaction energy between an nth
(n)

order multipole of moment p’ and characteristic directions sa1,...,54,, located at O4 and an (N —n)th
order multipole of moment pSBan) and characteristic directions sp 1,...,s5 ~n—rn located at Op, while the

potential at Op defined by the multipole at O 4 is just EZ\IIV,O) with pSBO) =1.

In the application of a Taylor Series Expansion to the calculation of the interaction energy between a
given charge distribution and a lattice whose sites are centers of non-overlapping charge distributions, it is
convenient to invert the order of limiting operations. First the terms for each order N are summed over the
lattice sites, and then the results are summed over N. However, since the lattice sums for N < 2 converge
only conditionally, it has been shown that the physically observed value for these orders must be computed
using a summation order corresponding to the growth of a crystal of the physically specified shape.® If the
crystal has a shape parallel to the translation axes for the unit cell, then the series for N = 1 converges
only if the unit cell has zero net dipole moment. It has been proven®) that the limits of the conditionally
convergent series for N = 1,2 of this shape as well as of the absolutely convergent series for higher orders
can be computed as the unique sums given by the absolutely convergent series which occur in an extension
of EWALD’S work,® proposed (but not justified® by KORNFELD(6)). Reasons why it is convenient to
use this extension are discussed in Section 4.

The remainder of this section is devoted to the basic equations which are transformed into computa-
tionally useful forms in Section 3. To facilitate reference to a previous paper® on the justification of the

* Explicit formulae are given for the special case N = 2.(3)
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methods used here, the same notation is maintained here. In the proposed procedure the lattice is decom-
posed into sub-lattices, each of which is a simple (primitive) translation lattice in the sense that each site
for the sub-lattice is equivalent to any other site. Consider the directional derivatives for the interaction
between a multipole of order n, located at
r=(ry,re,r3) (3)
and a crystal ¢ of multipoles of order n., each with the same set of characteristic directions.
Let:
(a1,a9,a3): vectors which define a unit cell for the crystal, ¢
L = {(L;, Lo, L3), an arbitrary ordered triple of integers
rp = Liay + Loag + Lzag; rp = ||rz]|
rr: a vector whose endpoint lies at that site of the translation lattice, T', for which L = (0,0, 0)
b;: the vector reciprocal to a;, ¢ = 1,2,3; i.e.,
b; = (a; x a)/(a; - a; x a;), where (i, j, k) may undergo any cyclic permutation
ar, = 2n(L1by + Lobg + Lsbs), a vector of magnitude, gy,

Ryr=r—(rp+rr); Ror=|Rrrl. (4)

It has been shown(® that under the stipulated hypotheses about summation order and dipole moment,
the directional derivatives summed over the points of ¢ can be computed as

N N
Y2 IG5 VoRpr o= 16 Vo)Ur(x,0) (5a)

{£}y {1} s=1 {T} j=1
Up(r,0) = Uy (r,0,€) + Ura(r,0,¢) (5b)
where r is not a lattice point of T', and
€: an arbitrary parameter with units of reciprocal distance (¢f. Section 4) (6a)
dr '
U; 0,6) = ——— -2 —(qr)*/4€® +i(qn T — 6b.1
T,l(r7 76) (31 - ag X aB){ZL; (QL) X eXp[ (qL) / € +Z(qL r rT)] ( )
Z summation over L such that L # (0,0, 0) (6b.2)
{L}
UT72(I‘,O,6) = ZG(GRL,T)/RL,T (60.1)
{L}
G(X)=1-¢(X) (6¢.2)
b's
d(X) = 27771/2/ exp(—a?)da (6¢.3)
0

The modification of equation (6) which is required when r is a point of one of the translation lattices is given
in Section (3.13).
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3. DEVELOPMENT OF COMPUTATIONALLY USEFUL EQUATIONS

Since in practice there is little accurate informa tion about charge distributions (i.e., about the coeffi-
cients of more than the first partial derivatives in the Taylor Series Expansion), it is desirable to conduct
as much of the calculation as possible without using such data. Although this prohibits the reduction of
E(J\[L N—n) the single term of equation (2), it may still be possible to use merely molecular symmetry to reduce
the number of terms in the Taylor Series Expansion. For example, if a molecule has a symmetry plane, then
for an expansion about a point in the plane, the moments involving odd numbers of characteristic directions
perpendicular to the plane vanish. In any case, the Taylor Series Expansion allows the separation of the
calculation into two stages:

Stage I: Calculations involving solely crystal geometry and molecular symmetry.

Stage II: Far shorter calculations involving the In general, define by induction, multipole moments and,
therefore, a quantitative knowledge of the charge distribution.

The equations for stage I, which are developed in Section 3.1, are useful in the study of a single or
a sufficiently small number of orientations of (6a) molecules centered at the lattice sites. However, as
the number of molecular orientations increases, practice has shown that it is imperative to use equations
developed in Section 3.2 which subdivide stage I:

Stage la: Calculations of ‘crystal’ constants which depend solely on crystal geometry;

Stage Ib: Calculations which involve the characteristic directions and, therefore, depend upon molecular
symmetry.

Obviously, the particular number of orientations at which this decomposition becomes advantageous
depends upon the particular lattice being studied.

3.1 Development of computationally useful equations for the study of a sufficiently small number of
orientations

3.1.1. Recursion relations for directional derivatives of a function of a vector length; specialization for
Urz(r,0,€) and r~!. It is convenient to develop the formulae for the directional derivatives of a general
function of a vector magnitude since: (a) equation (5) requires explicit formulae for the directional derivatives
of Ur,(r,0,€) which depend only upon the magnitudes, Ry 7; (b) Appendix A requires the directional
derivatives of another function of a vector length, r=1.

Let:

f(R) : any function with derivatives of an arbitrary order

R=r-r'; R=|R| (7)
Then
(s1-Ve)f(R) = [df(R)/dR] - [(s1 - V:)R] = {R™'[df (R)/dR]} - (s1 - R) (8)
Let:
Fi(f) =R - [df(R)/dR]. (9a)
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In general, define by induction

Fi(f) = R™'dF; 1 [f(R)]/dR], j > 2.

(90)

First the successive directional derivatives for f(R) will be given as functions of the F,,(f). Then simple

recursion relations will be given for the F,,(f) for the two different f(R).

Mathematical induction upon n shows that the successive directional derivatives can be written as the

following linear combinations of the Fj(f):

N

N
[ Va)rtr) = 3 ol () RIES ()
[ Nodd: (N+1)/2
1= {Neven: N/2

To define the aév, let
nn : set of all positive integers < N

D;V E{Cl(Djv), . 7CN,]-H(D;-V)}

any set of subsets of 7y which satisfy the following four conditions :

(1) the subsets are disjoint

N—j+1

(3) j=N: DY ={c1(DN)}, ea(DY) = 1w
is a subset of two elements of 7, which will be denoted by {k{, k§}
4)g=N-j+1

N even, j =qg= N/2: c(N/Q)_,_l(Dg\][vp)) is empty

otherwise: cN,jH(DJN): a subset of (25 —n) elements of 1y which will be denoted by

N—j N—j
{kl ]+1a Tt k2j—]1\/+1}

CY: the class of all DY (i.e., no account is taken of the order of the first (N — j) subsets).

For each D§V define the products

N
j=N:PD} {si},R) = [[(sx-R)
k=1
N—j 2j—N
j#N,j#N/2: P(D}Y {s},R) = [H (sks 'Skg)l X (Sk}V—JH ‘R)
g=1 g=1
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N/2

j=N/2:P(DY {si},R) = [[(sps - sp9) (11d.3)

g=1

Then mathematical induction upon N and finite induction upon j establishes the formula:

{Sk} R ZP ;‘Vv{sk}aR)' (116)

Thus, aj—v is a sum of products formed from (N — j) inner products, of the form (s;-sg), and (27 — N) factors
of the form (s; - R). The sum is made over all permutations which divide N indices into (N — j) distinct
unordered subsets of two elements each and another unordered subset of the remaining (25 — N) elements.
No account is taken of the ordering of the subsets.

The formulae for the Fy(f) which occur in the derivatives of Ura(r, 0, €) will now be given. According
to equation (6), Ur2(r,0,€) is a summation over {L} of terms of the form:

9(R) = [G(eR)]/R. (12)
For f(R) = g(R) differentiation and use of the definition (9) give
Fi(9) = —R3G(eR) — R™%[2¢/+/(7)] exp(—€*R?) (13a)

Fy(g9) = —3R°G(eR) + 3R*2¢//(m)] exp(—e?R?) + R~2[2%¢* /\/(x)] exp(—€>R?) (13b)

The latter equation can be rewritten in terms of elements of Fj(g) as:

—3F1( 2 3/r eXp 2R2 (130)

Fa(g) =
The general recursive equation for N > 2 is:

—(2N —1)Fx_1(g) + [(—2)Ne?N = 1/\/7 )] exp[—€2 R?)

Fn(g) = R

(13d)

The proof of (13d) by mathematical induction is immediate. According to (13c) it holds for N = 2 and
differentiation shows that the hypothesis that it holds for N = h implies that it is valid for N = (h + 1).

Next, the equations will be given for the function f(R) = R~! whose directional derivatives define
multipoles:

(14a)

In general for N > 2

Fy(R7Y) = —(2N —1)R2Fy_1(R7Y) = R-CN+D H (21 — 1)] (14b)

3.1.2. Equations when r is not a lattice point of T Since the series converges absolutely and uniformly,
the equations of the preceding section can be applied at once to obtain

N

H r)Ur,2(r, 0, ) Z Za ({s&},Rr,7)Fj(9L.7) (15a)

j=1 j=q ({L}
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gr.r =9(Rr 1) = G(eRr 1)/ R T (15b)
Fj(g) : ¢f. equation (13) (15¢)
q : c¢f.equation (10). (15d)

Since Uz ; (r, 0, €) is not solely a function of the magnitude of r —rr, the formulae of the preceding section do
not apply. However, mathematical induction applied to the differentiation of equation (6a) gives the desired
formulae:

N
C am(—n)N/? 1 cos(qr-[r—rr])[exp[—(qr)?/4€%)] Hj: (ar-s;)
N N even : (a1-azxaz) T q; :
H UTl r,0,¢) = (N+1)/2{ : s sin(qr-[r—rr])[exp[—(qr)?/4€> ]H (aw-s;) (16)
j=1 N odd: =D ""7"7 S i

(al-a2><a3) qL

{L}

3.1.3. Equations when r is a lattice point, rr,. Consider now the case when r is a lattice point so that
there is a translation lattice T' = T} for which r = rp,. The ‘self-energy’ is defined as the energy of interaction
between a multipole at a lattice point and all other multipoles of a translation lattice. Similarly, the ‘self-
potential’ is defined as the potential produced at a lattice point by all other multipoles of the translation
lattice. Without loss in generality, suppose that the coordinate system has been so chosen that

rr, = 0 (17)

Furthermore, as a first step in the calculation of the lattice sums of directional derivatives for the self-
energy or the self-potential, suppose that the multipole at the origin, r7, = 0, is displaced to r # 0 which
lies in a sphere containing no other lattice point except the origin. Then the summation over all sites but
the origin can be computed as:

; N N
> H Ve)lle —rz]| ™' = ZH Volle —rp |7t p = T (s5 - Ve)r™"
{L} =1 {L} j=1 j=1
N
=1 (i - Vo) lUR 1 (r,0,€) + Up, a(x,0,¢) — R7] (18)
j=1

Z : cf. equation (6b.2).
{L£}

Under the assumption that the right hand side is a continuous function of r, the desired summation can be
computed as the limit of equation (18) as r — ry, = 0:

N
Z H Jlr —rp| ! }PH X (Ul 1(r,0,€) + Ury 2(r,0,¢) — 7' (19)

{} =1 r=0

In Appendix A it is shown that this limit is [cf. equations (A3, 11, 12)]:

N odd : Zero
N

N
H Vollr — ezt — ) Neven: [1(sj - Vi)[Ur, 1 (r,0,€) + Up, 5(r,0, e)} (20a)

() j=1 = =0
=0 +R¥072({Sk}7 €)

/
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A (N/2
(sj - vr)[Uil“o,l(r’ 0,€) = (aﬁ Z qr H qr - sj) eXp[_Q%/4€2] (200)
r=0 (L} =t

—y

N
H UTO (r,0,€) = Z Z a;\[({sk}v RL,TO)Fj (9L,1) (20¢c)

—o =1 (@

(=2)7+eCatVa ({si})

RY (s} 0) = oty (20d.1)
ZI : ¢f. equation (6b.2) (20d.2)

{}
q : c¢f. equation (10) (20d.3)
a§V : ¢f. equation (11) (20d.4)
F;(gr,1) : cf. equations (13,15). (20d.5)

3.2 Development of computationally useful equations for the study of a larger number of molecular
orientations

The equations for one or a sufficiently small number of orientations were given in the preceding Section
3.1. To make calculations for larger numbers of orientations feasible, this section gives the equations for
the stages la, b so that most of the computation involving crystal geometry will be done independently of
orientation. For this purpose, it is necessary to expand the scalar products of equations (15, 16). To maintain
generality the scalar products will be expressed using the contravariant and covariant vector components.
The following sections giving the specific equations will use the standard sub- and superscript notation:

s% = ith contravariant component of s;

Rr 74, qr,i = ith covariant components of Ry 7, and qr,, respectively. (21)

3.2.1. Equations for the directional derivatives of Ur 1. Consider first equations (16, 20b) for
N
H UTl r, O E)
j=1
Expansion of the scalar products gives:

N N

(ar -sj) = Z syl HqL,ij (22)

{(#1,....in)} |J=1 j=1

=P

{(i1,...,in)}: the set of all ordered N-tuples which can be formed using the integers 1, 2, 3

Since H;.V:l(quij) is idependent of the index j, it is convenient to regroup the terms of equation (22) to
obtain

N
[Taz )= (aw.1)" (ar.2)"(ar.s) o ({s;},v) (23a)

J=1 {v}
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{v} : the set of all v = (11, vs,v3) for which v1 + 15 +v3 =N (23b)

N
o({s;hvy = > ][+ (23¢)

{(i1,..in) o J=1

{(i1,...,in)},: the subset of {(i1,...,in)} for which i; has the value one for v; distinct j, the value two
for v, distinct j, the value three for v3 distinct j.

Before substituting equation (23) into equations (16, 20b), it is desirable to regroup the terms of the
latter to reduce the number of numerical operations by separating that part of the calculation(25) which
depends only upon the magnitudes, qr,, from that part which depends upon the components, ¢y, ;.

Therefore, suppose {qr} is divided into subsets of vectors of equal non-vanishing magnitudes:

C(M,),C(Ms), ... (24)

M;: the common magnitude of the qy, in the subset C(M;).

Then substitution of equation (23) into equations (16, 20b) gives

N
H Ve)Ur(r,0,€) = Za({sj},y)KJT\il(u,r,e) (25a)

J=1 {v}
Ky =By Y P(v,r,C(M, —M}/4€
T1(v,r.€) N v,r, )M 2 exp(—M? /4€%) (25b)
{M;}
v : equation (23b) (25b.1)
[ Neven: [4n(=1)N?/(a;-ay x a3)
By = { Nodd: [4n(=1)N+D/2/(a; - ay x a3) (256-2)

Neven: 3 oo, Lljl(qL’i)Vi] cos(qyg - [r — r7))

P(v,r,C(M;)) = (25b.3)

Nodd:  Sewn) Lﬁl(qL7i)yi] sin(qy, - [r — r7])

For T'=1Tj, r = rp, = 0, this reduces to

3
(l/ 0 C( )) {N even : EC(M) [ZUI(QL,i)Vi:| (25[).4)
Nodd : Z€ero

3.2.2. Equations for the directional derivatives of Ura(r,0,€). While the preceding section developed
the desired regrouping of terms in the directional derivatives of Uz ,(r,0,€), this section is devoted to the
regrouping for Ur »(r, 0, ¢). Each a ({sk},Rpr 1), of equation (15) is a sum of products, P(D]N, {st},Rr,1),
defined by equation (11). As a ﬁrst step in the regrouping, consider the factor H?ZN(skjcvﬂ'ﬂ -Rp 1) of

P(D;V, {si}, R ) which occurs whenver j # N/2, N even. Expansion of the scalarproducts gives

2j—N 2j—N 2j—N
j 7& N/2 : H (Sk}v—j+1 'RL,T) = Z H S;;V,Jurl . H RL,T,if> (26)
Jj=1 {(i1,..vi25-n)} | f=1 f=1

{(i1,...,i25—n)}: the set of all ordered (2j — N)-tuples such that iy = 1,2, or 3.
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Since the second factor in the sum is independent of any permutation of the k}V*j 1 it is convenient
to define

s(en—jr1) = set of s,n—j+1 such that kN s in en_jq (DN 27
J+ k; J J

and to regroup the terms of equation (26) to obtain

2j—N hi
j#£N/2: H (Sk}v—jﬂ R, T Z HRL T,i s(en— ]+1) h) (28a)
f=1 H({j,N)) Li=1

o(s(en_j41),h) = > H Spx—t (28b)

{{i1,izj—n)n =1
{{i1, ... i25—N)}n : the subset of {(i1,...,42;—n)}Hor which
iy = 1 for hy values of f, 2 for hy values of f, and 3 for h3 values of f
H({(j,N)) = set of all h = (hy, ha, hs) such that hy + ho + hg =25 — N. (28d)

(28¢)

It is convenient to introduce, notation for the products of the (s, - sg) which occur as factors of the
P(Dj’v’{sk}aRL,T)- Define

j =N: P(D;v,{sk},RL,T) =1

j#N: P(DN {s;},Rpr) = Nf[j(ski, Spa)- (29a)

g=1
Also, to simplify the writing of the equations, introduce the special definition:
Jj=N/2, o(s(cn/241),0) = 1. (29b)
Then, for all j:

({Sk}aRLT Z HRLT’L i X ZP D] Asth Rror)o(s(eny—jy1,h) (30)

H({j,N)) i=1

Before substituting equation (30) into equation (15), it is desirable to regroup terms to reduce the
number of numerical operations. For this purpose, the vectors, Ry 7, are partitioned into classes of equal
non-vanishing magnitudes,

C(M1),C(Ms)... (30)

M;: the common magnitude of all vectors in C(M;).

Define the sum over C(M;):
K7 o(r,h, M;) Z HRLT7 ' (32)
Then for each h in H({j, N)) define the sum over the set {M;} required by equation (15):
KYJECQ(Gvr?h?j) = ZKg2(r>h>M1>FJ[g(Ml)] (33)
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g : cf. equation (15b).

Use of equations (15, 30, 32, 33) gives:

Mz

N
H UTQI‘OE

j=1

Z a; ({sx, R, 1) Fj(9r,1)
{L}

<.

Q

(34)
> Kfy(erh,j) x ZP DY {si})(s(en—ji1),h)

a H((,N))

v

J

The preceding equation, which holds for general coordinate systems, requires a significantly greater
number of numerical operations and greater mount of machine storage than the equations specialized for
orthogonal Cartesian systems. Comparison of the general equation (34) with the special form which will
now be developed will show that the latter is in general to be preferred even when the crystal axes are not
orthogonal. Thus, it has been used in the calculations on ice discussed in Section 4, despite the fact that the
lattice is hexagonal.

Since for orthogonal Cartesian systems, covariant and contravariant components are identical, it is
convenient to expand the scalar products of the P(DJ, {s;}) of equation (29a) to introduce the o({sy},v)
required for the directional derivatives of Uz ;. This gives

POY. hslenoi W = S T shysly b olsenyon b (35)

{(ilv“'viN*j)} g=1
{(i1,...,in—;)}: set of all ordered (N — j)-tuples such that for each g, iz = 1,2, or 3.
Any one of the products can have the ith components of v; different s; as factors < v; — h; is an even

positive integer or zero. Therefore, define

H({(j,N,v)) : the subset of H((j, N)) of equation (28d) for which (v; — h;) is

an even positive integer or zero for a fixed v.

(36)

Consider any v which satisfies equation (23b) and any h which satisfies equations (28d, 36), (i.e., h in
H({(j,N,v))). Then the summation of equation (34) over the D]N in the class CJN defined by equation (11)
presents an elementary combinatorial problem which has as its solution:

N—j
ZP VoAsiho(slen—gin) =3 ¢ > [lskesigpx X Hskw " 10

N \H{{svin—y)} 9=1 {{i1,esizj—n)n f=1
=I(v,h)o({sk},v)
3
I(v,h) = [[[m!/ (2" t:thi))] (370)
i=1

Substitution of equation (37a) into (30) and use of the definition (36) for H((j, N,v)) gives

3
al ({sk} Rer) = > o({se},v) > H((j, N,v)I(v,h) [[[Rer]™ (38)
{v} =1
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The same procedure used in the case of the general coordinate systems now gives equations which have
been broken down into convenient computational steps:

N
H ) [Ur2(r ZKTQ (v,r,€)o({sk}, V) (39q)

j=1
KTQI/I'G ZKT2_],Z/I‘€ (39a.1)
Kj]ig(j’ v,r, 6) = Z KﬁQ(L v,r, M%)FJ [g(Ml)] (39&2)
KTIECQ(j’ V’r“/\/li) = Z K’,ZIY,Q(.% V,I',Mi,h) (39&3)
H({j,N,v))

3
K75(j,v,r, M, h) = I(v,h) Z H(RL,T,i)hi (39a.4)

C(M;)i=1

Finally, consider the values for the directional derivatives of Ur, , which occur in equation (20c). Since
by definition each M; # 0 comparison with equation (34) shows that these limits have the form which occurs
n (39):

H U'TO’Q(I', 0,€) = Z KJT\Z’Q(V, 0,¢)o({sk},v). (39b)

r=0 {V}

3.2.3. Introduction of constants independent of € and introduction of dimensionless forms. In using the
preceding formulae, it is important to remember that the lattice sum for a given translation lattice fails
to converge for the summation order corresponding to crystal growth for N = 1. Nevertheless, even for a
conditionally convergent series, the desired limit for the entire lattice has been obtained using absolutely
convergent series. In the final equations for the contribution which each lattice, T, makes to the absolutely
convergent series, it is convenient to define the sums KX (v,r) which are independent of the arbitrary
parameter, e:.

Contribution of each T to the lattice sum = Z KX (v,r)o({sk},r)
{v}

KN (v,r) T # T :Kﬁl(y,r,e)—l—KgQ(y,r,e)
T T=T, : (ie,r=rp,=0)

N odd : ZETo
N even: [Kp ,(v,0,€)+ Ry ,({sk},e€)]

(40)
K]Tv’l(z/,r, €) cf. equation (25)
K%{Q(V,I‘,E) cf. equation (39a)
Kﬁ’l(l/, 0,¢€) cf. equation (25b.4)
K%’Q(I/, 0,¢€) cf. equation (39b)
Ry, 5({sk},€) cf. equation (20d.1)

For clarity and convenience, the computational steps that are used to evaluate equation (40) are sum-
marized in Appendix B.
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To simplify numerical input for the multipole calculation it is convenient to change to dimensionless
variables by introducing a parameter, rq:

ro : a convenient standard distance within the crystal. (41)

Let all distances be scaled by rg and e be replaced by a dimensionless parameter ¢y defined by the
equation
€=¢€p/To (42)

Then, it can be shown that
K]T\fi(l/,r,e) = [Kgi(z/, r/ro,eo)]/révﬂ. (43)

Thus, whenever the crystal structure has only one variable parameter, 7, the dimensionless K= (v, [r/r¢])
are independent of measured lengths.

3.3. Use of molecular symmetry

To separate out all dependence upon the quantitative charge distribution, it is convenient to proceed

as follows. As noted previously, in general, it is not possible to reduce the E?fl N*n>(<TA’ Tg)) to the single

term of equation (2) without introducing a specific assumption about the quantitative charge distribution.
In such a case, the best that can be done is to select a molecular coordinate system to reduce the number of
terms with nonvanishing moments. Let:

uf’, ug,u§: unit vectors defining the 3 axes for the molecular system of a molecule of type .

{s}™: any set of m characteristic directions for a molecule of type « for which the moment, p({s}7) # 0
Na,;: the number of the m characteristic directions which lie along ug*. (44)

In this case, the furthest the calculation can proceed without an assumption about the quantitative charge
distribution is to compute the relative energy for each pair {({s}%,{({s}¥ ™)}, i.e., the energy when

p({s}%) = p({s}3 ") = 1. When account is taken of the multiplicity of the terms in the Taylor Series,
the contribution is

-1

3 “lrs
E({{s}a {{s}z ™) = [H nA,i!] lH nB,ﬂ] DD XY o({seh v)KY (v [e/ro])  (45)
i=1 i=1 T (v}
T({s}4, {s}5™): the set of interactions with {s}" at r and {s}} " at the sites of T or vice versa.
{s}: the characteristic directions of {s}" and {s}}¥ " expressed in the coordinate system used for the lattice.

Then the assumption about the quantitative charge distribution enters the Nth order interaction energy
only in the comparatively short sum:

E((Ta,Tp)) = > p(syR) xpUshy EW{sYA. (s} ™). (46)
{shn s}y
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4. CONCLUSIONS
The use of a multipole expansion permitted the calculation to be split into two stages:
Stage I. A calculation which depends solely on the crystal geometry and on the symmetry of the molecule.

Stage II. A comparatively very small part of the calculation which uses the multipole moments, and,
therefore, requires a quantitative knowledge of the charge distribution.

The proposed method of evaluating the lattice sum is based on an extension of EWALD’s Formulae(®)
for the optical and electrostatic properties of ionic lattices. This has two general advantages.

(1) Convenient error check. One of the most important criteria of evaluating a machine method is the
existence of a means to test for errors in input, algebra; or programs. The functions U{p)l and Ur (and
their derivatives) depend upon the arbitrary parameter €, but their sum, U/ (and its derivatives) does not.
Experience has shown that the repetition of the calculation for two different values of € has provided a means
of detecting some errors in input and any errors in algebra or programming. Other common methods lack
such a simple error cheek. It is imperative to note that approximate agreement is meaningless. T'wo values
for a given Uf.(r,0) which agreed to a few per cent were found to be in error by one hundred per cent.

(2) Rapidity of convergence. In general, the series given by the extended Ewald method should converge
more rapidly than those given by the original Taylor Series (vide infra for a comparison of economy of the
two). Since a decrease [increase] in e will cause Ur (r,0,€)[Ur ,(r,0,€)] to converge more rapidly, values
should be chosen in a range to minimize the total work. KORNFELD(®) was the first to propose the extension
of EWALD’s Formulae®® and gave equations for N = 2 and one special case for N = 4. The present paper
has both generalized his work and developed forms adapted to machine calculations.

More recently, DEWETTE and NIJBOER(?) published an alternative set of equations in the notation of
spherical harmonics, derived as a special case of their very valuable general approach to the transformation
of series into more rapidly convergent forms. Their work had a different primary purpose than the present
study has. Their equations were designed to facilitate the calculation at a set of nonlattice points, while the
equations of this paper are designed for convenience and economy of calculation at lattice points or a single
non-lattice point. Consequently, they carried out an added expansion which is vital for their purpose but is
not useful for the problem considered here. For the latter type of calculation the equations proposed here
have the advantages: (a) they have been cast in forms which are simpler for coding the machine program; (b)
the resulting programs can be expected to be more economical in machine time for the following reason: since
they are based on Cartesian systems, they make more use of algebraic functions and less use of transcendental
functions which require much more computer time.

Specific results in this paper can be summarized as follows. Section 3.12 develops general recursion
relations which permit the deduction of the general equations for the self-energy and the self-potential
in Section 3.1.3 and Appendix A. Section 3.1.2 casts the general equations for the directional derivatives
defining the interaction energy in forms adapted to calculations for a sufficiently small number of molecular
orientations for any particular fixed point in the crystal. Section 3.2 decomposes Stage I to give equations
valid in general Cartesian systems and then special forms for orthogonal systems which will generally be
more economical to use even if the unit cell axes are not orthogonal. For the latter case, the steps in the
calculation can be summarized as follows:

Stage Ia: Use solely crystal geometry to compute the dimensionless crystal constants
For each order N, and each translation lattice T, follow the steps outlined in Appendix B.1 to compute

K7 (v, [r/ro]) = rg " K7 (v,1) (47)
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Stage Ib: Use molecular symmetry plus crystal geometry

Follow Appendix B.2 to calculate the relative energies defined by equation (45).

Stage II. Use the multipole moments and, therefore, the quantitative charge distribution

Combine the relative energies from Stage Ib with the multipole moments to compute the Nth order
interaction energies of equation (46). Then sum over N in equation (1). Appendix B summarizes various
subprograms and procedures which calculations on the ice lattice have shown to be convenient. A few

results of this study will illustrate how important this ‘convenience’ is. First, depending upon the orientation
assumed, the following ratios were found to cover the ranges

Dipole — Dipole Energy

0.303 < ‘ ‘ < 0.525

Total Multipole Energy

Nearest Neighbor Dipole — Dipole Energy

0.117 < ‘ ‘ < 1.025.

Total Lattice Dipole — Dipole Energy

In the actual study, it turned out to be desirable to include interactions for orders < 8*. Thus it is
necessary to have a method which can handle higher order multipole interactions and can make lattice sums
including interactions between more distant neighbors. Tests showed that for an eighth order interaction,
a next nearest neighbor calculation based on the original multipole expansion would require over two and
one-half times as much computation as the accurate calculation following the proposed procedure for eight
orientations. The ratio would become even larger if the number of orientations were increased.

The detailed results of the ice study are analyzed in terms of their implications for the theory of the
hydrogen-bond and the structure of ice in a following paper.
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APPENDIX
(A) Derivation of equations required for the calculation of the ‘self-potential’ and ‘self-energy’

Without loss in generality, in the calculation of the ‘self-energy’ or the ‘self-potential’ of a lattice T = Tp,
the origin of the coordinate system is chosen so that

rr, = 0 (Al)

According to equation (19) the desired lattice sum is to be determined by the limiting process:

N

Z H sj - Ve)[r —rr|| = lim [1(ss - Vo) | U, 1(x,0,€) + Ur o(r,0,6) — 7). (A.2)
{L} =1 0 j=1

’

Z : summation over L # (0,0, 0).
{L}

It follows at once from equation (16) that the limit of the first term exists and equals

N N
lim [[(s; - Ve)Uf, 1 (r,0,€) H Ve)Uh |

r—0 0»
Jj=1

(r,0,¢)

r=0 A.
N odd : ZeTro v (4.3)

4m(=1)N/2 -
N even : (al(a2)xa3) Z a’ Hl(q~sj) x exp[—qi /4€°].

The remaining two terms both diverge and it is only their difference which possesses a finite limit.
Inspection of equations (15, 4, 11, 13) shows that the only divergent term in the series for Ur, 2 is the term
for r;, = 0. Therefore, it is convenient to define

N
[1(s) - Ve)UF o(x,0,¢) ZZ ({s;}, Re,r) Fj(9L,1)- (A.4)
Jj=1 J=q {L}
Then
N N
}1_{% (s; - Vi) [Ur, 2(r,0,€) — r_l] = H(Sj - Vi)Ur, 2(r, 0, €) +
j=1 j=1

N r=0 (A.5a)
limg >~ aff ({si} ) [F (glex]) — F5 ()

Fi(g), Fj(r~') cf. equations (13,14) (A.5D)
g : cf. equation (12). (A.5¢)

To evaluate the remaining limit in equation (A.5a), the various Fj(ger]) and F;(r~!) are rewritten in
terms of Fy,(gler]) and F,(r—') respectively (g is defined in equation (10)). For the F;(r~!) equation (14)
gives:

Fi(r) = Fy(r){ I =@k-1))/20ma s (4.6)



The following general relation between Fs(gler]) and

F;(g[er]) holds for ¢ < s < (j —1). It can be verified directly from equation (13d) for s = j — 1 and
established in general by finite induction:

J s J (_2)k€(2k—1)e—e2r2
Fytgler]) = 4 T =@k = )20 ERGgler) + 3 s

k=s+1 k=s+1

x 8+ 1=6) ] =@»-1)
p=k+1

Then substitution of both (A.6) and (A.7) [for s = ¢] into the second term on the right hand side of
(A.ba) gives:

N
> a) (s}, o)[E;(gler]) = Fi(rmh)) = 81+ 5y (48.0)

Jj=q

NooaN{seh o) [T, -2k —1
S, = {Fq(g[ET‘]) _Fq(rfl)} > aéV({Sk}7r) + Z j ({ k} )1;[2]‘2__(1; [ ( )]

Jj=q+1

(A.8b)

N J (_2)k6(2k—1)e—62r2 ) ) J
So= Y a¥({sphr) Y { A eraGTioR) }x s+@a-=6) [] [-@-1l;. (A.8¢)

Jj=q+1 k=g+1 p=k+1

When N is odd, the following observations show that both S; and Ss have the limit zero as r — 0:

Observation (1). By equation (11e) each af ({sy},r) is a sum of products, P(D}", {s;},r) and by (11d.2)
each product of the sum has as factors (25 — N) components of r.

Observation (2). Consider now the exponent of r in the denominators. For Sy, the maximum power
occurs for the minimum k& = ¢ + 1. Thus, the maximum power is 2(j + 1 — k) = 2(j — ¢). This is also
the exponent of r in the denominator of S;. According to equation(10), ¢ = (N 4 1)/2, when N is odd.
Therefore, the maximum exponent of the denominator, 2(j —¢q) =2j — N —1 < 2§ — N. Thus, when N is
odd, Sy and S5 have the limit zero.

Consider now the case when N is even. According to equation (10), ¢ = N/2. S; is, in general, non-
vanishing. Consider the summation over k in Ss. The only term which has a non-zero limit is the term for
which £ has its minimum value, ¢ + 1. This is a consequence of the fact that for £ > ¢ + 1, the exponent of
1/ris2(j+1—k)<2(j+1—[¢+1]) =2j — N. Thus the limiting value of the sum S; + Sz becomes

N
lim (51 + S2) = }i_I)r(l)Zaéy({Sj}, r)[Ej(gler]) — F5(r™)]

Jj=q
N odd: zero _
J
(—2)at1(2a+D) (—e2r?) N af({sp}’r)[6é+l+(1_6é+l) H (=[2p—1))
. . . — € exp(—e“r p=g+2
N even : }gx(l] S1 + ,}Ln(l){ —73 } xq Z+1 7=l
Jj=q

(A.9)
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According to equation (10), when N is even ¢ = N/2 and according to equation (11d.3), a%/z is
independent of r. Therefore, each neighborhood of r = 0 contains an r for which the multiplier of [F(g[er]) —
F,(r=1)] in S; vanishes. It can be rewritten as:

_ . N . aj’ ({s},r) j j : _
q=N/2:a) ({si)+[-2q+1)] Y L =20 xe 8+ (1=6 ) [] [-@k-1)]p =0. (A10)

) r2li—ql
Jj=q+1 k=q+2

For each such r, S; = 0 and comparison shows that the summation of the {} of the second limit of
(A.9) can be replaced by a) ({sx})/(2¢ + 1) so that

2 e el (i) = Ry 5({sk})e). (A1)

N even : CTESIEE

N N odd: zero
i > ol (s DIFaler) ~ F0] = {

Substitution of (A.11) into (A.5) and combination with (A.2,3) gives the final equation for the self-energy
or the self-potential:

N

;, N
Z H(sj : vl‘)”r - rLH = H(Sj ’ Vr)[Ué‘g,l(nQ 6) + Ué’o,2(r707 6)] + RJJYUQ(SIC’E)' (A'12)

(L} j=1 j=1

r=0 r=0

(B) Steps in the procedure for the machine calculation For clarity and convenience the steps in the
machine calculation for stages Ia,b and II will be summarized for the case-generally the most economical in
computer time-when an orthogonal Cartesian axis is used.

B.1. Stage Ia. Calculation of the crystal constants. According to equation (40), the crystal constants
vanish for the self-potential or the self-energy (i.e., T = Tj) whenever N is odd. In all other cases the
following procedure applies.

1. Generate vectors and calculate functions of vector magnitudes.

(i) Generate the dimensionless vectors, roqr, (¢f. equation (4)], order them into classes of non-vanishing
magnitudes, M;. For two values of the dimensionless arbitrary parameter, €y = erg, compute the exponentials
of equation (16).

(ii) For each T, generate the dimensionless vectors Ry, r/ro [cf. equation (4)], order them in classes of
non-vanishing magnitudes, M;, and compute the Fx(g[e, M;]) [¢f. equation (13)] for each of two values of
the arbitrary dimensionless parameter, €.

2. For each order N generate the v which satisfy equation (23b).

3. For each order N, complete the calculation of the dimensionless K7, (v, [r/ro], €) following equation
(25).

4. For each order N, and for each T complete the calculation of the Kﬁ oV, [r/70], €0) in the following
steps.

(i) For each j,q < j < N [¢f. equation (10)] generate the h of H({j, N,v)) defined by equations (28d,
36). For each (v, h) calculate the symmetry numbers I(v, h) of equation (37b). For convenience the allowed
(v,h) and the symmetry numbers are listed in Table 1 for N < 5.
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(ii) For each such j, h, calculate the
K§5(j,bfv, [r/ro], M;, h)
defined by equation (39a.4) for each class, C(M;).
(iii) Calculate K%’Q(j, v, [r/ro], M;) of equation (39a.3) by summing over H((j, N,v)).
(iv) For each j and v, use the results of steps (1.ii) and (4.iii) to compute
Kﬁz(]} v, [r/rol, €0)
by equation (39a.2)
(v) Following equation (39a.1), sum the results of step (4.iv) over j to obtain

K75, [r/ro], €0).

5. For each order N calculate the dimensionless crystal constants using the results of steps 3 and 4.

(i) T # To : K7 (v, [r/ro]) = K7y (v, [r/r0], €0) + K7l (v, [r/ro], €o)

(ii) T = To: When N is even, compute the R} ,({sx},€0) of equation (A.11). Then calculate

Kﬁ)(% 0) = Kﬁ’l(l/, 0, 60) + Kéw\g’g(% 0, 60) + Révwo’z({sk}, 60).

6. Reorder the allowed sequence of v to eliminate any v for which the crystal constant vanishes.
B.2. Stage Ib. Calculation of the sums of components of characteristic directions and of relative energies

Consider an interaction of order N = Ny corresponding to the characteristic directions si,...,sy,. The
first step in Stage Ib is to evaluate the o({sy},v) of equation (23c). Although it seems more straightforward
to construct the permutations allowed by equation (22) and then to determine the v for each permutation,
since the crystal constants vanish for some v, it is better to use an array of the v for which KX (v, [r/r0]) # 0
and for each v of the array to construct the products of the sum o({sy}, ) using a nested sequence of loops
to select the components of the characteristic directions.

Frequently the calculations at order Ny can be shortened by using results from lower orders. Suppose

that the sequence of characteristic directions sy, ...,sy, has d distinct elements which form the sequence
S1,. y Sid (Bl)
and that
N; = number of s of the jth type ,1 < j <d. (B.2)

The calculation can be shortened whenever N; > 1 for some j. This will commonly be the case since
the reduction of the sum of all the Nth order multipoles in the Taylor Series to a single multipole requires
quantitative knowledge of the charge distribution, and in lieu of such knowledge, frequently the best that
can be done is to use molecular symmetry in the selection of three axes to minimize the number of Nth
order terms in the Taylor Series with non-vanishing moments. This, of course, leads to N; > 1. Let:

VN, : an arbitrary v for any particular N = Ny (B.3)
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d
{(vny,y---,vN, )} the set of all d—tuples such that Z UN; = UN, (B.4)
j=1

Then, provided there is sufficient machine storage available to preserve the results from lower orders,
o({s;},vn,) can be computed most economically as

d
o{sitoom) = > [[oUs,}vw). (B.5)

{{UNy sy FI=1

After the o({s;},v) have been computed, then the relative energies E({({s}, {s}% ")) are computed
by the summation of equation (45).

Table 1. Values of v, h and I({v,h)), N <5

N j 7 Vs Uy h, h hy I({v,h))
2 1 2 0 0 0 0 0 1
3 2 3 0 0 1 0 0 3
2 1 0 0 1 0 1
4 3 4 0 0 2 0 0 6
3 1 0 1 1 0 3
2 2 0 2 0 0 1
0 2 0 1
2 1 1 0 1 1 1
4 2 4 0 0 0 0 0 3
2 2 0 0 0 0 1
5 4 5 0 0 3 0 0 10
4 1 0 2 1 0 6
3 2 0 1 2 0 3
3 0 0 1
3 1 1 1 1 1 3
2 2 1 0 2 1 3
2 0 1 1
5 3 5 0 0 1 0 0 15
4 1 0 0 1 0 3
3 2 0 1 0 0 3
2 2 1 0 0 1 1

The columns headed by v, vs, 14 are to be any permutation of v, v5, v3, The columns headed by h,.,
hs, hy give the allowed values of the corresponding components of the vector, h. Whenever j = N,h = v
and I({(v,h)) = 1.
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